We argue that massless gravitons in all even dimensional de Sitter (dS) spacetimes higher than two admit a linear memory effect arising from their propagation inside the null cone. Assume that gravitational waves (GWs) are being generated by an isolated source, and over only a finite period of time η i ≤ η ≤ η f . Outside of this time interval, suppose the shear-stress of the GW source becomes negligible relative to its energy-momentum and its mass quadrupole moments settle to static values. We then demonstrate, the transverse-traceless (TT) GW contribution to the perturbation of any dS 4+2n written in a conformally flat form (a 2 η µν dx µ dx ν ) -after the source has ceased and the primary GW train has passed -amounts to a spacetime constant shift in the flat metric proportional to the difference between the TT parts of the source's final and initial mass quadrupole 
I. INTRODUCTION AND MOTIVATION
Consider two test masses sweeping out their respective (not necessarily geodesic) world lines in a (d > 3)-dimensional spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW)-like universe, namely one described by the geometrȳ
Suppose a gravitational wave passes by, perturbing the geometry to become
Denote the proper geodesic length between the two masses at a fixed time η to be L [η] . A direct calculation, reviewed in appendix (A), would then reveal that the presence of such a GW would, at leading order, yield a fractional distortion of this proper length proportional to χ ij .
where n ≡ ( X − X )/| X − X | is the unit radial vector and X 0 [λ] ≡ X + λ( X − X ) is a straight line in
Euclidean space joining one test mass at X to the other at X. Furthermore, if after the source of the GWs has ceased and the primary GW train has gone by, the perturbation χ ij does not die down to zero amplitude, but settles instead to a non-zero constant matrix C ij , we see that the fractional distortion becomes permanent:
This permanent displacement of test masses after the passage of a GW is known as the memory effect.
In this paper we shall focus primarily on background de Sitter (dS) spacetimesḡ µν of dimensions greater than 3. Written in conformally flat coordinates the metric is given bȳ
where H > 0 is the Hubble parameter describing the acceleration of an expanding universe. The main thrust of this work is to argue that, the portion of GWs traveling inside the null cone of its sourcecommonly known as its tail -would give rise to a memory effect in even dimensions higher than 2. As we shall see, this phenomenon is intimately tied to the fact that the tail part of the minimally coupled massless scalar Green's function in dS 4+2n , for n zero or a positive integer, is a spacetime constant.
One may ask why a 4D physicist should be interested in physics of other dimensions. One answer is that d, the dimension of spacetime, may be viewed as a parameter in the equations of physics, including that of Einstein gravity. By varying d we may gain insight into questions of principle, and even acquire new means to calculate 4D physics. An example is that of the tail effect itself: even though massless fields/particles propagate strictly on the light cone in 4D flat spacetimes, they no longer do so in 2 and odd dimensions. Moreover, it is possible to understand why tails exist in odd dimensional flat spacetime by embedding it in one higher dimensional Minkowski [4] . This has prompted further generalizations to de Sitter spacetime [5] , which can be viewed as a hyperboloid situated in one higher dimensional flat spacetime. Specifically, the causal structure of the de Sitter scalar Green's function can be related
to that of signals generated by an appropriately defined line source in the ambient flat spacetime. In addition, recent work [6] has drawn connections between the (better known) GW memory effect in asymptotically Minkowskian spacetime and the low frequency limit of the Ward-Takahashi identities obeyed by GW scattering amplitudes, which in turn is a consequence of the Bondi-van der BurgMetzner-Sachs (BMS) symmetry at null infinity. Does an analogous relationship hold in cosmological spacetimes, or does it break down because the tail induced memory effect described here is timelike instead of null? These questions have first been raised in [1] , and subsequently in [3] ; because it is one based on symmetry, it ought to be examined in all possible dimensions in order to understand the breadth of its validity.
In §(II) we work out Einstein's equations with a non-zero cosmological constant, linearized about a de Sitter background of dimensions greater or equal to four. We then express the metric perturbations as appropriate retarded Green's functions convolved against the energy-momentum-shear-stress tensor of the source(s). Following that, in §(III) we take a detour to define the mass and pressure quadrupole moments of an isolated GW source in a spatially flat FLRW universe, and then relate linear combinations of their time derivatives to the spatial-volume integral of the shear-stress of the same source.
We then employ these results in §(IV), and describe how the solutions laid out in §(II) lead us to a linear GW memory effect exhibited by the tensor mode, after the source has settled down. In §(V)
we re-visit some results obtained in [1] and comment on their implications for the linear GW memory effect in 4D cosmologies. We summarize and discuss future directions in §(VI). In appendix §(A) we review the calculation of spatial geodesic distances between a pair of test masses in a perturbed spatially flat FLRW-like universe. In appendix §(B) we delineate the solutions of the partial differential equations arising from General Relativity linearized about a background de Sitter spacetime. Despite being an appendix, this section is the technical heart of the paper. Finally, in appendix (C) we identify the gauge-invariant metric perturbation variables in a (d ≥ 4)-dimensional background spatially flat FLRW geometry.
II. GENERAL RELATIVITY WITH Λ, LINEARIZED ABOUT (DE SITTER) d≥4
Einstein's equations for the metric g µν , sourced by the energy-momentum-shear-stress tensor T µν of some matter source, is
G N is Newton's gravitational constant in d dimensions. We are including a positive cosmological constant Λ > 0 because mounting astrophysical evidence points to its existence in the 4D universe we reside in. Moreover, for this paper, we will assume that T µν describes an isolated, compact astrophysical system which does not distort the overall geometry too much. When we neglect its influence (i.e., set T µν = 0) we recover the pure de Sitter spacetime in eq. (7), which in turn solves
Our approach to solving eq. (8) is then a perturbative one, through eq. (4), by expanding the geometry aboutḡ µν .
General Perturbation Theory (PT)
To this end, it is convenient to work with the barred graviton, namely
Whenḡ µν = η µν in 4D, thish µν is more commonly known as the "trace-reversed" graviton. Equivalently, from eq. (4), we may define
Without specializing to the perturbed FLRW form in eq. (4), any expansion about some general background metricḡ µν given in eq. (3) would yield the following left hand side of Einstein's eq. (8): 
PT about dS d≥4
Now, if we do specialize toḡ µν being the d dimensional de Sitter metric in eq. (7), which satisfies eq. (9), the first line on the right hand side of eq. (12) vanishes. We then use the maximally symmetric form that the de Sitter geometric tensors take, namely
followed by the relationship between the Hubble parameter H in eq. (7) and the cosmological constant
Evaluated on a de Sitter background geometry, eq. (12) then bring us to
To solve Einstein's eq. (8) perturbatively, we need to choose a gauge for the barred graviton field h αβ , so that its wave operator can be inverted and its solution written as a convolution of appropriate Green's functions against the sources 8πG N T αβ .
Gauge fixing
We now requireh αβ to satisfy the gauge condition
Equivalently, in terms ofχ αβ (recall equations (3) and (4)),
where all indices in eq. (18) and in what follows are moved with the flat metric η µν . This gauge in eq.
(18) and the ensuing equations below, are really a generalization of the 4D ones in [7] , [8] and [9] . At this point, eq. (16) becomes
where the (S) = ∇ α ∇ α is the scalar one with respect to the background de Sitter metric, namely
(The ∂ 2 ≡ η µν ∂ µ ∂ ν is the wave operator in flat spacetime.) The linearized version of eq. (8) is thus
The solution of eq. (21) is the primary technical focus of this work.
Pseudo-trace mode By adding (3 − d) times of the 00 component of the linearized Einstein's equation (21) to its spatial-trace, we are lead to
where
An equivalent form of eq. (22) is
Here and below -equations (25), (31) and (36) -because we are faced with partial differential equations (PDEs) of the same form, namely (
2 S, we devote appendix (B) to solving the relevant Green's functions. In this section we will merely quote the final results. The pseudo-trace retarded solutions are
withσ being Synge's world function in Minkowski spacetime; and
s + s(s + 2) + 1
Vector mode The 0i components of eq. (21) reads
or
The retarded solutions are
Tensor mode The equations for the ij components of eq. (21) turn out to be that of the minimally coupled massless scalar in de Sitter spacetime,
This translates to
We highlight here that, these solutions in eq. (37) amount to the convolution of −16πG N T ij /a 2 against the minimally coupled massless scalar Green's function in de Sitter spacetime. As we shall witness, the latter's spacetime constant tail in even (d ≥ 4)-dimensional spacetime is responsible for contributing to the linear GW memory effect.
III. MASS AND PRESSURE QUADRUPOLE MOMENTS; CONSERVATION LAWS IN A SPATIALLY FLAT FLRW SPACETIME
Before examining this tail induced linear GW memory effect arising from the even d ≥ 4 solutions in eq. (37), however, we need to first -following [8] and [9] -relate spatial-volume integrals of the shear-stress T ij of the isolated matter source to its mass Q ij and pressure P ij quadrupole moments.
Quadrupole moments
Throughout this section, unless otherwise indicated, we will suppose our background metric is a spatially flat FLRW universe, i.e., not necessarily de Sitter:
We then note that the d-beins {ε µ α } of such a spacetime, whose defining property is
are given by
The (upper) µ index of ε µ ν transforms as a coordinate vector; while its (lower) ν index transforms as a local Lorentz 1-form. Therefore we can form from T µν the d × d matrix of coordinate scalar quantities
The T 0 0 can now be interpreted as the mass-energy density measured by a local observer; T 0 i as its (d − 1)-momentum density; and T i j as its shear-stress/pressure density. Moreover, from eq. (40), since the induced metric on a constant−η hypersurface is d 2 = −a 2 δ ij dx i dx j , we may recognize the proper spatial volume on the said hypersurface to be
The physical mass and pressure quadrupole moments are now defined as
where we associate one scale factor to each of the x i and x j to form a physical vector.
Conservation
At linear order, the energy-momentum-shear-stress tensor T µν of an isolated astrophysical system in a spatially flat FLRW background geometry is conserved
with ∇ being the covariant derivative with respect to theḡ µν . (This statement, of course, neglects backreaction.) A direct calculation reveals
Differentiating both sides of eq. (48) once with respect to time and employing eq. (49) on the resulting right hand side leads us to
We may use eq. (50) in the following way. Via integration-by-parts and the assumption that the matter distribution is localized in space (so that surface terms are zero) -one may readily see that
Applying eq. (50) to the left hand side allow us to arrive at
where we have inserted the mass and pressure quadrupole definitions from equations (45) 
IV. TAIL INDUCED LINEAR GW MEMORY EFFECT IN (DE SITTER) 4+2n
We now turn our attention to the tail part of the metric perturbations in even dimensional (d ≥ 4)
de Sitter spacetime, as encoded in equations (26), (32) and (37). Despite experiencing a non-trivial potential in higher dimensions (cf. equations (25) and (31)), the pseudo-trace χ and vector χ 0i exhibit no tails. The physical reason is unclear; however, the mathematical reason is that P (d−6)/2 [1 + s] and
(We have checked the second line against the 6D light cone boundary condition in eq. (B39), i.e., it is zero for p = (d − 4)(d − 2)/4.) In the gauge of eq. (18), it is thus only the tensor mode χ ij that travels inside the light cone of its source. Moreover, the tail of its Green's function
(This result follows from Rodrigues' formula for the Legendre polynomials.) This is, of course, equivalent to the fact that the tail of the de Sitter minimally coupled massless scalar Green's function is a constant in all even dimensions higher than 2 [5] . In even d ≥ 4 dimensions, the tail part of the tensor mode solution in eq. (37) is therefore
where we have defined the retarded time η r ≡ η − | x − x | − 0 + . For technical convenience, throughout the rest of this paper, we will assume that the coordinate system has been chosen such that x = x = 0 is located within the source. If we now invoke eq. (53) derived in the previous section, the linear GW tail can be expressed in terms of the mass and pressure quadrupole moments of the source, at least in
Negligible shear-stress, settling of quadrupole moments Let us suppose that the isolated source is active only over a finite interval of time, η i ≤ η ≤ η f . This means we will assume that outside this interval, its shear-stress is negligible relative to its energy-momentum, so that we may set the former to zero, namely
(59) and (46) immediately imply the pressure quadrupole moment is zero outside the interval η i ≤ η ≤ η f :
We will further assume that the mass quadrupole moment is not static only during this active interval:
Altogether, equations (59), (60) and (61) 
Therefore, after the GW source has settled down, we see that in all background dS 4+2n , the C ij occurring in the fractional distortion of eq. (5) receives contributions solely from the χ (tail) ij in eq. (62).
Gravitational radiation
It is important to record here that the transverse-traceless portion of (59) and (61) hold, the assertion that the GW tail in dS 4+2n remains a non-zero spacetime constant, after its source has ceased, is therefore a coordinate-invariant and physical one.
Because the GW tail here is a constant in spacetime, notice this linear GW memory effect does not decay with distance from the source, unlike the expected 1/(spatial distance) Remark I Before shifting our attention to 4D cosmology, we mention here that [8] advocates exploiting the Killing vector in de Sitter spacetime
to define what it means for a GW source to settle down. (This T µ ∂ µ is timelike in the region x 2 ≡ η αβ x α x β > 0.) Specifically, they required that the Lie derivative of the energy-momentum-shear-stress tensor T αβ vanish outside the time interval of GW production, namely
In contrast, we appeared to have made stronger assumptions (equations (59) and (61) 
For later purposes, we also record the alternate form
Integrating eq. (65) over space, using the form of the Lie derivative in eq. (66), then leads us to the following differential equation, valid for η > η f ,
, where
The solution for η ≥ η f is
indicating that the tail integral in eq. (57) would yield a divergent χ ij -this includes its gauge-invariant part D ij -in the asymptotic future η r → 0 − unless T ij [η f ] = 0. In particular, there is a "log-divergence" of the form 
Had we extended the upper limit of integration in eq. (71) from η f to η > > η f , the result should
However, as η → 0 (i.e., towards asymptotic future) it appears the physical quadrupole moment itself will blow up unlessQ ij [η ≥ η f ] = 0. It thus appears reasonable to demand the time derivative of the mass quadrupole moment to vanish at late times,
Remark III If we follow [8] and assume the static condition in eq. (65), it is then possible to justify why both the mass and pressure quadrupole moments stay constant outside the interval of active GW production, η i ≤ η ≤ η f . To see this we multiply x i x j to the 00 component and spatialtrace of the static condition in eq. (65), through the form of the Lie derivative in eq. (67). Proceeding to integrate the resulting expressions over all space while employing the definitions of the mass and pressure quadrupole moments in equations (45) and (46), we obtain
source to set surface terms to zero, and again recalling (45) and (46), we arrive at the already advertised assertion: 2Q ij =Ṗ ij = 0 whenever
V. LINEAR GW MEMORY EFFECTS IN A 4D SPATIALLY FLAT COSMOLOGY
In this section, we elaborate on how the spatially flat FLRW results in [1] lead to linear GW memory effects in an expanding 4D universe like ours. Notationally, we will say that the TT GWs split into
ij are the gravitons that travel on the light cone and D (tail) ij are the ones traveling inside the null cone.
On the null cone
The portion of the GW signal that transmits information on the light cone was shown in [1] to take a form very similar to its counterpart in Minkowski spacetime:
This holds for any cosmic history a[η]; and the flat spacetime limit is recovered by setting a → 1. Since
T ij is the physical shear-stress density of the isolated source, provided its internal dynamics does not span cosmological timescales, we wish to assert here that all the known linear GW memory effects in 4D asymptotically flat spacetimes would carry over to the asymptotically-cosmological case at hand. For instance, T i j could describe two gravitationally unbound compact bodies flying past each other, giving rise to a "burst" of GWs [10] . The primary difference is that GWs traveling on the null cone in a 4D spatially flat universe will now be further diluted by cosmic expansion due to the scale factor in the 1/(a[η]| x − x |) fall-off. 2 We believe eq. (76) is consistent with eq. (4.26) in [8] . Note that, their Q ab are no longer time independent in spite of eq. (65). Instead, we do not believe the mass and pressure quadrupole moments are coordinate tensors; they do transform covariantly under global rotations of the spatial coordinates x, but are otherwise merely one-parameter (i.e., time-dependent) objects describing aspects of the GW source(s)' internal structure.
Far zone
In the far zone, we replace | x − x | → r ≡ | x| when computing the GW. This then allows us to employ eq. (52) in eq. (78). With η r ≈ η − r,
Inside the null cone Unlike its null cone counterpart, the detailed structure of the TT GW tail can only be determined after its relevant wave equation is solved.
Radiation domination
In [1] we showed, in particular, that there are no radiative GW tails in a radiation dominated universe (a[η] = η/η 0 ) because the background Ricci scalar is zero. Therefore linear GWs in such a cosmology, including potential memory effects, are fully captured by eq. (78).
Matter domination
The scale factor for a matter dominated universe is a[η] = (η/η 0 ) 2 , and its TT GW tail is
As already alluded to in [1] , after the source has ceased (η r > η f ), the GW tail becomes spaceindependent, and like its de Sitter counterpart, does not fall off with increasing distance from the source itself. Assuming the vanishing of shear-stress outside the time interval of active GW genesis (i.e., eq. (59)), we have
Moreover, since the scale factor changes appreciably only over cosmological timescales (η 0 ∼ 10 Gyr), note that over the timescales of human GW experiments ( < ∼ decades) we may, as a good approximation, regard the tail in eq. (81) as a spacetime constant (for η r > η f ). Notice too, because the power of the scale factor is 5/2, the integrand in eq. (81) cannot be converted into a total time derivative involving the mass and pressure quadrupole moments, unlike the de Sitter case; recall eq. (52).
To sum: there is a tail induced linear GW memory effect in a 4D spatially flat matter dominated FLRW universe. Its amplitude does not depend on space, but does decay over cosmological timescales in an expanding cosmology.
de Sitter Since we have already elaborated upon the tail induced linear GW memory effect in even dimensional d ≥ 4 de Sitter, we close this section by comparing the null cone (aka in the GR literature as the "direct part") versus the tail part of the TT GW in 4D. For simplicity, we shall take the far zone limit in the following equations. Expressed in terms of the mass and pressure quadrupole moments, the direct part reads
On the other hand, the linear TT GW tail is, according to eq. (58),
The flat spacetime limit can be obtained by setting H → 0, which in turn implies replacing a → 1 and all conformal-time derivatives with Minkowski-time derivatives. Observe that the second and third terms on the right hand sides of equations (82) and (83) are sub-dominant to the first terms in this limit, since they are multiplied by an additional power of H. Moreover, because of the overall H 2 multiplicative factor, the tail term of eq. (83) tends smoothly to zero as H (and hence the cosmological constant Λ) vanishes. As already estimated in [1] -and re-confirmed by dividing the right hand sides of (83) and (82) while keeping only their first terms -the ratio of the GW tail amplitude to that of the direct part is roughly |D
, where ∆t is the physical characteristic time scale associated with the GW source and a| x| is the physical observer-source distance at the observer's time η. In other words, unless the GW generation process takes place at cosmological distances from the observer and over cosmological timescales, the tail signal is highly suppressed whenever the direct signal is simultaneously present.
However, if we assume that the shear-stress density becomes negligible and the quadrupole moments settle to static values outside the time interval of active GW production -i.e., equations (59), (60) 
VI. SUMMARY AND FUTURE DIRECTIONS
In this paper, we have improved upon and extended the 4D cosmological results of [1] . Following positive cosmological constant, linearized about a background de Sitter spacetime of dimensions greater or equal to four. In particular, we have shown that the 4D inside-the-null-cone linear GW memory effect found in [1] , due to the spacetime constant tail of the massless TT graviton (and scalar) Green's function, really extends to all higher dimensional dS 4+2n . We also suggested that the known linear GW memory effects in asymptotically flat 4D spacetimes will carry over to the asymptotically spatially flat FLRW case, with the additional feature that the TT GW amplitude will be diluted by cosmic expansion.
Even though radiation dominated universes exhibit no TT GW tails, matter dominated ones do -and in fact, yield approximately spacetime constant GW tails that, like their de Sitter cousins, induce a linear memory effect. In Fig. (1) we summarize/illustrate our findings in sections (IV) and (V).
On a Minkowski background the energy-momentum-shear-stress (pseudo-)tensor of the GWs themselves source a nonlinear (aka "Christodoulou") memory effect [11] ; see also [10] and [12] . How this will generalize to a de Sitter background geometry is, as far as we are aware, a wide open question. On the other hand, that we have been able to successfully utilize Nariai's ansatz [13] to solve Einstein's equations linearized on dS d≥4 suggests it may be worthwhile to try solving them for a background spatially flat FLRW geometry with a more general equation-of-state w. These results could not only provide further insight into potential GW memory effects, they could lead to new perspectives on the study of large scale structure in our universe. Finally, even though [5] The main goal of this section is the derivation of eq. (5). We wish to calculate the geodesic spatial distance between two test masses, at a fixed time η, when one is located (in space) at X and the other at X . (These test masses are not assumed to follow geodesics.) We note that, if the spacetime geometry is described by eq. (4), the induced metric on a constant−η hypersurface is
The square of the geodesic spatial distance between X and X is given by the integral
where Y i obeys the geodesic equation
and the boundary conditions
Now, if there were no perturbations, i.e., χ ij = 0, then the result is simply (up to the overall factor a 2 ) the familiar one in Euclidean space
where 
with n ≡ ( X − X )/| X − X |. From this result, we see that the change in geodesic spatial distance due to the presence of the metric perturbation is
Dividing the result in eq. (A7) with that in eq. (A6), and keeping only terms linear in χ ij , establishes eq. (5).
one would deduce
where σ s = +1 if ∂ 2 was carried out with respect to x µ and σ s = −1 if it were carried out with respect to x µ instead. To obtain 2δ (2) 
Example As an example, let us solve the flat spacetime symmetric Green's function G 2 of the massive scalar, i.e.,
Because of the highly symmetric nature of the problem at hand, we will assume that J depends on spacetime solely through z ≡ m √ 2σ. Then eq. (B17) translates to 
We now obtain the light cone boundary condition for the tail function of the 4D and 6D Green's functions, namely ∂σJ[σ = 0] and ∂ 2 σ J[σ = 0]. The strategy is to exploit in 2D the light cone coordinates
The homogeneous wave equation obeyed by J in (B17) becomes
We employ a coordinate system such that (x + , x − ) = (x + , x − ) defines the origin, and the light conē for all x − we must have
This also means these derivatives are simultaneously zero at the origin, the apex of the light cone.
Central to our strategy is the wave equation (B23) evaluated on the light cone using eq. (B16),
For, taking into account the apex boundary condition in eq. (B25), we may integrate with respect to
Acting ∂ − on both sides of eq. (B23), we have ∂ + ∂ 2 − J = −(1/4)((1/2)U + U ∂ − J); exploiting eq. (B27), we may again integrate with respect to x + to find
On the other hand, via a direct calculation, we may also verify that the first derivatives are
The second derivatives are 
Together with equations (B27) and (B28), we may now gather
Although we will not pursue it further, it should be possible to continue this procedure to obtain the light cone boundary condition of the tail function in any even dimension, i.e., ∂ n≥1 σ
For the power law potential in eq. (B4), the 4D and 6D tails obeys the light cone boundary conditions
Power law potential We now turn to solving the wave equation eq. (B17) with the power law potential in eq. (B4). To this end we postulate that J depends on spacetime solely through the object σ/(ηη ). (This is directly inspired by Nariai's ansatz in 4D [13] .) Doing so converts the wave equation (B17) into an ordinary differential equation
The 
Odd Dimensions
In three dimensions we first postulate the following ansatz for the symmetric Green's function:
Because the symmetric minimally coupled massless scalar 3D Green's function obeys 
i.e., g 3 is constant on the light coneσ = 0. This in turn means g 3 is unity on the entire light cone: where the indices on ξ ν are moved with η αβ . By exploiting the spatial rotational SO d−1 symmetry of the background geometry, we shall perform an irreducible scalar-vector-tensor decomposition of the metric perturbation as well as an analogous one for ξ. That is, we do
and
where these variables obey the following constraints:
Gauge transformations
Applying the irreducible decomposition of eq. (C6) to eq. (C4), under x 0 → x 0 + ξ 0 and x i → x i − (∂ i F + F i ), we may gather
and the transverse-traceless graviton is gauge-invariant
Gauge invariant variables At this point, we may then verify that the following variables are gauge invariant ones in a perturbed spatially flat d-dimensional FLRW universe. The 2 scalar ones are
whereas the vector and tensor modes are, respectively,
Remarks In 2D the Einstein tensor is identically zero, and Einstein's eq. (8) no longer defines dynamics for the metric. In 3D, the gauge-invariant tensor mode D ij does not exist. For, in momentum k-space, if we choose a coordinate system such that k i = | k|δ i 2 , the transverse condition in eq. (C7)
